Improper ferroelectricity (trimerization) in the hexagonal manganites RMnO3 leads to a network of coupled structural and magnetic vortices that induce domain wall magnetoelectricity and magnetization (M) neither of which, however, occurs in the bulk. Here we combined first-principles calculations, group-theoretic techniques, and microscopic spin models to show how the trimerization not only induces a polarization (P) but also a bulk M and bulk magnetoelectric (ME) effect. This results in the existence of a bulk linear ME vortex structure or a bulk ME coupling such that if P reverses so does M. To measure the predicted ME vortex, we suggest RMnO3 under large magnetic field. We suggest a family of materials, the hexagonal RFeO3 ferrites, also display the predicted phenomena in their ground state.
Improper ferroelectricity (trimerization) in the hexagonal manganites RMnO3 leads to a network of coupled structural and magnetic vortices that induce domain wall magnetoelectricity and magnetization (M) neither of which, however, occurs in the bulk. Here we combined first-principles calculations, group-theoretic techniques, and microscopic spin models to show how the trimerization not only induces a polarization (P) but also a bulk M and bulk magnetoelectric (ME) effect. This results in the existence of a bulk linear ME vortex structure or a bulk ME coupling such that if P reverses so does M. To measure the predicted ME vortex, we suggest RMnO3 under large magnetic field. We suggest a family of materials, the hexagonal RFeO3 ferrites, also display the predicted phenomena in their ground state.
Two themes at the forefront of materials physics are the cross-coupling of distinct types of ferroic order [1] [2] [3] [4] and topological defects in systems with spontaneous broken symmetry [5] [6] [7] [8] . Common to both are a plethora of novel phenomenon to understand, and new properties and functionalities to exploit for novel applications. Multiferroics 9, 10 are an ideal platform to realize both themes in a single material. In this regard, an exciting development is the discovery of a topologically protected vortexdomain structure in one of the most extensively studied class of multiferroics, the hexagonal (hexa) rare-earth manganites. Here, antiphase structural ('trimer') domains are clamped to ferroelectric domain walls (and vice versa) [11] [12] [13] [14] forming a 'clover-leaf' pattern, Fig. 1a . These trimer domains have a particular phase relationship that result in the appearance of structural vortices, which in turn induce magnetic vortices 15, 16 , strongly coupled antiferromagnetism and the polarization at the domain wall. This domain wall magnetoelectric phenomenon produces a magnetization localized at the wall 15, 16 . The key to realizing these unusual effects is the improper nature of ferroelectricity. Here the polarization (P) which is stable in the paraelectric (PE) P6 3 /mmc structure, is induced by a zone-tripling structural distortion, Q Φ K3 [16] [17] [18] . The latter, referred to as the trimer distortion, is associated with a 2-up/1-down buckling of the R-planes and tilting of the MnO 5 bipyramids, Fig. 1b . It is nonlinearly coupled to the polarization,
the form of which implies that a nonzero trimer distortion induces a nonzero P. There are three distinct Φ domains (α, β, and γ) corresponding to one of the 3 permutations of 2-up/1-down. Also there are two tilting directions, either towards (+) or away from (−) the2 c axis, i.e., 1-up/2-down or 2-up/1-down, respectively. This results in six P6 3 cm structural domains. A consequence of the improper origin of ferroelectricity is that the sign of P depends on the direction of Q Φ K3 . This simple fact leads to the nontrivial domain structure of the hexa manganites, Fig 1a [11] [12] [13] 16 .
Our focus here is on elucidating a remarkable interplay of this trimerization, magnetism, and polarization in the hexa manganite structure. We show from first principles that the trimer structural distortion not only induces a P, but can also induce both a bulk magnetization, M, and a bulk linear ME effect. We make this clear by connecting an exact microscopic theory of spin-lattice coupling to a simple phenomenological theory. This not only brings additional insight to known experiments, but leads us to discover entirely new bulk phenomena, not previously seen in a multiferroic such as 1) the existence of a linear magnetoelectric (ME) vortex structure and 2) a bulk coupling of ferroelectric (FE) and ferromagnetic domains such that if P reverses 180
• so does M. We show that the former is widely accessible in most hexa RMnO 3 manganites under large magnetic fields, while the latter is realizable in the ground state of a new family of materials, the hexa RFeO 3 ferrites. Recently thin films of RFeO 3 have been epitaxially stabilized in the hexa P6 3 cm structure [19] [20] [21] . By performing a detail comparison of the ferrites to the manganites we explain why the ground state of all ferrites display an intrinsic, bulk M and bulk linear ME effect.
I. FIRST-PRINCIPLES CALCULATIONS ON SWITCHING Φ BY 180
• Geometric frustration of the strongly antiferromagnetic (AFM) nearest neighbor Mn (or Fe) spins leads to a planar 120
• non-collinear order which can be described by two free parameters, Ψ 1 and Ψ 2 , as shown in Fig. 1c . Four principle configurations, denoted A 1 (−π/2, π/2), A 2 (π, 0), B 1 (0, 0) and B 2 (π/2, π/2), have been previously defined, among which it is well-known that only the A 2 (magnetic space group P6 3 c m ) and intermediate spin configurations that contain a component of A 2 allow a net M along the z axis. What hasn't been appreciated in the past is that this known symmetry-allowed M is in fact induced by the trimer distortion, the consequences of which are quite profound.
We now begin to make this clear by performing first- 
FIG. 1:
First Principles: Improper structural ferroelectricity inducing weak-ferromagnetism, Mz, in hexagonal structure from first principles. Results are shown for ErMnO3, however, they are true for all hexa manganites and RFeO3 ferrites in the A2 phase that we have considered a, Six structural domains of the primary "trimer" Q Φ K 3 distortion and the secondary polarization P. Here α + ⇐⇒ Φ = 0 and a counterclockwise rotation corresponds to domains differing by Φ = +π/3. Arrows indicate the direction of the trimer distortions, only distortions around the2c axis are shown for clarity. b, crystal structure of the ferroelectric phase (Q 0 K 3 (α + ) domain). c, The spin angles Ψ1 and Ψ2 describing all possible 120
• non-collinear antiferromagnetic (AFM) spin configurations (see Supplemental). Li (i ∈ 1 to 6) denotes transverse component of the i th spin. We define L1 = cos Ψ1x + sin Ψ1ŷ, L2 = cos Ψ2x + sin Ψ2ŷ and remaining four vectors can be created by the crystal symmetry operations. d, Represents directions of local trimer distortions. The local trimer distortion at site 1 (Q 1 ) and 2 (Q 2 ) are defined as, Q 1 = cos Φ1x + sin Φ1ŷ and Q 2 = cos Φ2x + sin Φ2ŷ, respectively. Crystal symmetry implies Φ1 ≡ Φ and Φ2 = π − Φ1. e, Energy, f, P, g and h, Mz as a function of QK 3 , allowing only Φ = 0 or π trimer domains. Notice that P =0 when Q Φ K 3 = 0, suggesting that a proper ferroelectric mechanism in not likely. Note that for higher magnitude of Q K 3 , P ∝ QK 3 and Mz ∝ QK 3 , thus provide linear ME coupling.
principles calculations for a specific example, ErMnO 3 in the A 2 phase (which is the spin configuration realized experimentally under an applied magnetic field 22 ). In firstprinciples calculations of the hexagonal manganite structure it is easy to reverse the trimer distortion, and hence P, via a structural change from a 1-up/2-down buckling and tilting 'in' of the R-planes and MnO 5 bipyramids, respectively, to a 2-up/1-down and tilting 'out', thus remaining in the same distinct domain, e.g., α
Having performed these calculations we find that the trimer distortion not only induces ferroelectricity, but also weak-ferromagetism 23, 24 and the linear ME effect, Figures 1e through 1h . Furthermore, notice that reversal of the trimer distortion reverses either the direction of the M, Fig. 1g , or the sign of the linear ME tensor, Fig. 1h , where both situations are symmetry equivalent and correspond to whether or not the AFM spin configuration remains fixed, respectively. This result is true for all hexa manganites and RFeO 3 ferrites in the A 2 phase that we have considered and as we prove below is a general property of the A 2 -phase.
We pause now to stress the point that real switching will occur via a rotation to a neighboring trimer domain 16 , e.g., α + → β − or γ − . These first-principles results, however, contain all of the unique ME physics, that is, if the polarization is reversed either the bulk magnetization will reverse or the antiferromagnetic order will change in such a way that the sign of the bulk magnetoelectric tensor changes sign. To understand the consequences of these two choices we next derive a simple phenomenological theory -valid for any trimer domain, Φ, and any spin configuration -starting from a microscopic model.
II. PHENOMENOLOGY THEORY FROM MICROSCOPIC MODEL: GENERALIZING THE FIRST-PRINCIPLES RESULTS TO SWITCHING
Φ BY n π 3
We start by deriving a spin-lattice model from an effective spin Hamiltonian
where the J ij 's are the symmetric exchange interactions and D ij 's are the Dzyaloshinskii-Moriya (DM) antisymmetric exchange vectors, andτ i is the single-ion anisotropy (SIA) tensor. (Note that our calculations reveal that a dominant DM interaction, D ij , exists only between nearest neighbor spins within the triangular planes.)
In the PE structure the DM vector has only a z component, which further acts to confine the spins within the xy plane, while the SIA tensor is diagonal. In the FE structure, however, the trimer distortion induces a transverse component of the DM vector, D xy ij , parallel to the xy plane and off-diagonal components of the SIA tensor. These induced interactions are key and therefore are the focus in the remaining discussion (all other interactions can be safely ignored).
The effective DM and SIA interactions for a single layer of spins. Let us first consider a single layer of spins, denoted as layer I. We derive the relationship between the local structural distortions and the induced DM and SIA interactions by considering a single triangle of spins (S 1 , S 3 and S 5 ), in the α + and α − domains, Fig. S3c (the exact mapping from a single layer of spins to a single triangle is proved in the Supplemental).
Note that the induced DM and SIA interactions cant the spins out of the plane, but all spins in a single plane have to cant in the same direction, we can therefore write
It is interesting thatQ i is the direction of the in-plane displacement of the apical oxygen that lies directly above spin S i . It is zero in the PE phase and is in opposite directions in the α ± domains. It behaves in every aspect as an order parameter that defines the local trimer distortion. In fact, one of theQ i 's is the atomic distortion that Mostovoy has used to define a particular trimer domain 16 . If we had considered a different domain, e.g., β + , theQ i 's rotate appropriately and in fact have similar transformational properties as the trimer structural distortions, Q Φ K3 . This suggests (and we prove in the Supplemental) thatQ i is a local trimer distortion, which induces the local DM-like interaction, d eff i , and subsequently cants the spins.
It is now clear that 1) if the relative phase between the local AFM spin, L I , and the local trimer distortion, Q I , changes sign, the net magnetic moment per spin of a layer, M I , reverses, i.e, M I ∝ (L I ·Q I )ẑ, and 2) canting occurs only in a FE phase (whereQ I = 0) and only when there is a nonzero projection of a spin along the direction of the local trimer distortion. This is why there is no canting for the A 1 and B 2 spin states (where L I ·Q I = 0).
The real structure -the stacking of two layers. The real hexa unit cell has two triangular planes, layer I (which includes sites 1, 3, 5) and layer II (which includes sites 2, 4, 6), stacked along the z axis, as shown in Fig. 1c and d. The canting energy per spin is
This can be alternatively written as
where
are the total and stagger magnetic moment per spin respectively. Although the specific sites we choose to define I and II are arbitrary, it is convenient to associate I with site 1 and II with site 2. Because symmetry implies Φ 1 = π − Φ 2 , where Φ 1 (Φ 2 ) is the local trimer angle at site 1 (2), a single trimer angle, Φ ≡ Φ 1 , can be defined. This single angle was used to define the trimer domains in Fig. 1a .
Note that Eq. 6 is the exact result we derived from Landau theory (see Supplemental) and explains our firstprinciples calculations displayed in Fig. 1 
III. IMPLICATIONS: TESTABLE PREDICTIONS
Note that if P switched via rotating Φ by π/3, e.g.,
Prediction 1-In the former case the expected domain configurations, Fig. 2a , are such that at trimer domain walls differing by ∆Φ = π/3 the AFM spins rotate ∆Ψ 1,2 = |π/3|. In this case the direction of the magnetization remains the same across the domain wall, i.e., although P switches, M is not reversed similar to that shown in Fig 1h. Still, there exist a bulk linear ME effect
(see Supplemental), which in this case leads to a presence of a remarkable linear ME vortex structure as the projections, L i ·Q i , are equal in all domains, and therefore α zz is of opposite sign in neighboring trimer domains. Prediction 2-Note that this seemingly lower energy AFM switching pathway results in a homogeneous magnetization across the entire material. In zero field, this has to be unstable towards the formation of ferromagnetic domains. But what kind of domains? They can occur within the bulk of a trimer domain, i.e., a free AFM domain. There is, however, an energy cost to form this domain wall. An alternative path to minimize the total energy of the system is considered in Fig. 2b , where at trimer domain walls that differ by ∆Φ = π/3 the AFM spins now rotate ∆Ψ 1,2 = |2π/3|. In this case, the magnetization direction reverses with the polarization similar to that shown in Fig 1g. Therefore, even though this domain configuration at first appears less likely than Fig 2a, it provides an avenue for the system to minimize the magnetostatic energy without having to introduce free domains. Additionally, in Fig. 2c we sketch the expected response of the domains to electric-field poling. In this process the positive electric field, E, e.g., chooses the (+P,+M) state and therefore reversing of the direction of electric field will not only switches the direction of polarization, but also reverses the direction of magnetization.
IV. DISCUSSION: POSSIBLE REALIZATIONS OF PREDICTIONS
Realization 1: The hexagonal Manganites . In the hexagonal manganites, e.g., ErMnO 3 , an A 2 phase appears under the application of external magnetic field 22 . Here, as the magnetic field is swept from zero to a large (for example) positive value, a ME vortex structure is expected to appear. Additionally, as the magnetic field is scanned to negative values the sign of the ME vortex structure should switch. This is precisely what our preliminary imaging of the ME vortex structure shows using a new technique called Magnetoelectric Force Microscopy, as shown in the supplemental.
Realization 2: The A 2 ground state in hexaRFeO 3 . Are there materials in which this physics is realized in the ground state? Recently thin films of RFeO 3 have been epitaxially stabilized in the hexa P6 3 cm structure 19, 20 . These hexa ferrites exhibit ferroelectricity above room temperature, but with conflicting results as to its origin 26, 27 . Additionally there is evidence of a magnetic transition around ∼ 100K, at which M becomes nonzero 21, [26] [27] [28] , however, the significance of this or even if it is an intrinsic or bulk effect is not previously known.
Our calculations suggest strongly that ferroelectricity in the hexa ferrites is of the improper structural type where the trimer distortion induces P (see Supplemental for full discussion), and therefore a similar topological domain structure should exist as in the manganites. The difference in electronic structure between manganites and ferrites, however, requires Fe spins of any hexa ferrite to order in the A 2 spin configuration in ground state. Additionally, the much stronger exchange interactions leads to the possibility of spin ordering above room temperature, as recently suggested by the experiments of Ref. 21.) Therefore, both scenarios displayed in Fig. 2 are possible. We now discuss our first-principles calculations indicating that the ground state of any hexagonal ferrite will indeed have the A 2 magnetic configuration.
Magnetic structure. In addition to the principle magnetic configurations we also considered the four known a b
FIG. 3:
The noncollinear magnetic and electronic structure from first principles. First-principles calculations of a, Noncollinear magnetic energies and b, density of states (collinear). Note that the difference in orbital occupancy is the fundamental reason why ferrites, top, and manganites, bottom, have different magnetic ground states and subsequently the key to the predicted bulk coupling of polarization and magnetism in ferrites. Insets: crystal field splitting and occupancy of the TM majority 3d channel.
intermediate magnetic structures (see Fig.S7 ). The results of our total energy calculations for LuFeO 3 , LFO, and LuMnO 3 , LMO, are presented in Fig. 3a (for clarity we limit our discussion to these two compounds). In agreement with non-linear optical measurements 29 , we find that LMO stabilizes in the wAFM B 1 state. In contrast, LFO stabilizes in the wFM A 2 state giving rise to a net canted spin moment M z = 0.02µ B /Fe along the z axis. Note, however, that the A 1 state, where the net magnetic moment is equal to zero in each layer by symmetry, is also close in energy.
Electronic structure. In the PE phase the crystal field at the TM site has a D 3h trigonal point symmetry, which splits atomic 3d levels into three sets of states as shown in the insets of Fig.3b . The density of states (DOS) plots calculated for LFO and LMO in the FE phase are shown in Fig. 3b . LFO is a charge-transfer insulator with the conduction band formed by minority Fe 3d states and the valence band composed of O 2p states, below which are the filled majority Fe 3d bands. In the case of LMO majority 3d bands are partially filled with d 4 electronic configure, while minority 3d levels are completely empty. The importance of these differences will be made clear when discussing the magnetic interactions.
Symmetric exchange. Although it is the DM interactions and SIA that drives spin canting, it is the symmetric exchange that determines the magnetic configuration type. There are two important symmetric exchange interactions. The first is a strong, AFM superexchange interaction between in-plane nn spins, J nn . Its magnitude is much larger for LFO compared with LMO, suggesting a substantially larger magnetic ordering temperature for ferrites (within mean field theory the calculated Currie-Weiss temperature for LFO in the FE phase is Θ CW = 1525 K, while in LMO Θ CW = 274 K 30 ). The second is a weak, super-superexchange interaction, J c , which couples consecutive spin planes via a TM-OLu-O-TM exchange pathway (see Fig.S8a ). In the PE structure, a spin in one layer is connected to three spins in a consecutive layer. Each of these degenerate spin-spin interactions has two equivalent exchange pathways. We find that the interlayer exchange is AFM for LFO but FM for LMO. Although the strength of this interaction is relatively weak, this sign difference turns out to be key.
In the PE structure symmetry implies that the relative orientation of the spins in consecutive spin planes is arbitrary. The trimer distortion, however, splits the three degenerate interactions into: a single J 
c , the sign of which is key in determining the spin configuration type: A-type (
A simple structural analysis shows that the supersuper exchange mediated through the Lu 2 ion is always weaker than that mediated through the Lu 1 ion, and indeed our calculations show that the magnitude of J 11 c is always larger than J 12 c (see Supplemental). We therefore see that the choice between A-type and B-type in the FE structure is in fact determined by the sign of J c in the PE structure. This is important. In ferrites, the AFM nature of the interlayer exchange is uniquely determined by the orbital occupancy, it is always AFM and therefore ferrites will always prefer A-type magnetic configurations and the wFM ground state. (Although the interlayer exchange in LMO is FM, which explains why it prefers Btype magnetic configurations, it is not universally so; a discussion is given in the Supplement).
V. SUMMARY
In this paper we have discussed an intriguing consequence of improper ferroelectricity in the hexagonal manganite-like systems. We have shown for the first time that a non-polar trimer structural distortion not only induces an electrical polarization but also induces bulk weak-ferromagnetism and a bulk linear magnetoelectric vortex structure. It is a universal feature of A 2 -type hexa systems in which the trimer distortion mediates an intrinsic bulk trilinear-coupling of the polarization, magnetization, and antiferromagnetic order.
Note that it was recently inferred from neutron diffraction 21 that LFO orders above room temperature (high for a frustrated magnet) in an AFM state with M = 0, and at a lower temperature undergoes a reorientation transition to the A phase inducing a M = 0. As shown in Fig. 3a , the A 1 (M = 0 by symmetry) and A (finite M allowed) states, lie energetically very close to ground state in LFO, which support such a picture.
There is, however, an intriguing alternative scenario involving a crossover from a state in which several magnetic order types are degenerate to the A 2 spin configuration ground state, driven by the trimer distortion. Note that the symmetry of the PE structure not only implies that the A and B spin configurations are degenerate, but in fact that all of the principle spin configurations are degenerate as there can be no in plane anisotropy. The trimer distortion lifts the degeneracy between the A and B spin configurations as
while the in plane anisotropy due to the effective DMlike interaction (the trimer distortion induced in plane anisotropy of the SIA tensor is negligible) always favors phases with canted spins and is lifted as
as we show in the Supplemental. In this picture, as temperature is lowered and the trimer distortion increases in magnitude, there is a smooth crossover to the A 2 state.
VI. METHOD
The first principles calculations were performed using the DFT+U method 31 with the PBE form of exchange correlation functional 32 . We considered Lu 4f states in the core and for TM 3d states we chose U = 4.5 eV and J H = 0.95 eV. Structural relaxations, frozen phonon and electric polarization calculations were performed without the spin-orbit coupling (SOC) using the projected augmented plane-wave basis based method as implemented in the VASP 33, 34 . We used a 4×4×2 k-point mesh and a kinetic energy cut-off of 500 eV. The Hellman-Feynman forces were converged to 0.001 eV/Å. The electronic and magnetic properties were studied in the presence of SOC. We additionally cross-validated the electronic and magnetic properties using the Full-potential Linear Augmented Plane Wave (FLAPW) method as implemented in WIEN2K code 35 .
VII. SUPPLEMENTARY MATERIALS A. Landau Theory
In this section we use a phenomenological Landau theory to show the existence of a trilinear coupling between the antiferromagnetic order, the trimer distortion and the magnetization.
The unit cell contains two triangular layers of transition metal (TM) ions. Within the layer α (α =I, II) a local magnetic structure is a combination of 120
• antiferromagnetic order in the xy plane and a magnetization along the z axis, M z α . The former can be represented by a complex order parameter (11) where the angles Ψ I and Ψ II describe in-plane spin directions of two reference TM ions, as we consider S 1 and S 2 respectively, from adjacent layers connected by the2 c axis that remains in the FE phase, see Fig. 4b . Therefore Ψ I ≡ Ψ 1 and Ψ II ≡ Ψ 2 . Note that because of symmetry we only need to consider one of the three spins in each layer.
The layer magnetizations can be alternatively represented by the z components of the net magnetization
The trimer distortion corresponds to the condensation of the zone-boundary K 3 mode. While the small representation of K 3 is one-dimensional, the star contains two wavevectors (k and −k) and therefore the trimer distortion can be described by a complex order parameter
It turns out that Φ 1 ≡ Φ transforms as the phase angle that describes the in-plane displacement of some reference apical oxygen in the FE phase which we choose to lie directly above the reference TM ion used for defining Ψ 1 , , see Fig. 4b and c. While the order parameter Q I fully describes the trimer distortion, it is convenient to introduce additional trimer order parameter
with Φ 2 = π − Φ 1 . As shown in Fig. 4c , Φ 2 describes the in-plane displacement of the apical oxygen lying directly above the reference TM ion used for defining Ψ 2 . The introduction of the second trimer order parameter allows us to represent the structural distortion in an analogous way as the magnetic ordering which will lead to a particularly transparent form of coupling between structure and magnetism.
The character table below shows the transformation properties of the L α and Q α order parameters as well as their complex conjugates with respect to symmetry operations of the P6 3 /mmc1' reference structure (included are only the symmetry elements that are broken by the magnetic and/or the trimer orderings). In addition, the transformation properties of the following combinations of these order parameters are shown
where η = ±. Note that X η are the only bilinear combinations of antiferromagnetic and trimer order parameters that are invariant under translation. The transformation properties of M z , L z , and the z components of the electric polarization (P z ) are also shown. .
Sx2c mxy
From the above table it is clear that the following two free energy invariants are allowed:
where denotes a real part. These invariants can be alternatively written as
where we defined two-dimensional real vectors L α = L xy (cos Ψ α , sin Ψ α ) and Q α = Q K3 (cos Φ α , sin Φ α ). As a consequence of this trilinear coupling, presence of the trimer distortion and the 120
• antiferromagnetic order leads to weak (anti)ferromagnetism with (staggered) magnetization given by
Note that due to equivalence of TM ion layers we have |M z I | = |M z II | which in turn implies that the proportionality coefficients in Eqs. (19) and (20) are equal. Therefore, by adding and subtracting Eqs. (19) and (20) we obtain
where the proportionality coefficient doesn't depend on α. The above equation clearly shows that for a given TM ion layer canting appears when a projection of an xyspin along the direction of the local trimer distortion is nonzero which is for any spin configuration except A (17) and (18) can be written as
while the layer magnetization is given by
Where d The Dzyaloshinskii-Moriya interaction of a single layer of bipyramids: We considered only in-plane nearest-neighbor (nn) DM interactions which are mediated by TM-O eq -TM paths (here O eq denotes an equatorial oxygen atom). In the paraelectric phase all nn DM vectors are equivalent and only their z components are nonzero. Note that the σ z mirror plane requires DM vectors for adjacent TM-TM bonds to be opposite, see Fig. 5a . Physically this is a result of different chiralities of TM-O eq -TM hopping paths for these DM vectors. The z components of the DM vectors confine the spins within the xy plane and don't contribute to canting. They are thus ignored in the following discussion.
In the ferroelectric phase we have two nonequivalent equatorial oxygens: O 1 eq and O 2 eq . Consequently, the nn DM vectors split into two nonequivalent types: one mediated by a TM-O 1 eq -TM path and the other mediated by a TM-O 2 eq -TM path. In addition, both types of DM vectors acquire a nonzero transverse (xy) component which is perpendicular to the corresponding TM-TM bond. Note that for DM vectors mediated by TM-O 2 eq -TM path the component parallel to the TM-TM bond is, in general, allowed by symmetry due to different orientations of apical oxygen displacements for the two TM ions. However, since apical oxygens have minor effect on TM-TM hopping, the parallel component is small which was confirmed by our first principles calculations. In the following we thus neglected the parallel component to obtain clearer picture of DM interactions. We point out, however, that the inclusion of the parallel component doesn't affect our main conclusions. Transverse components of DM vectors between TM site 1 (see Fig. 5a ) and its nearest neighbors for different trimer domains are shown in Table VII B. Here we derive the relationship between the local structural distortions and the induced D 
where we defined the bar DM vectors Since all spins cant in the same direction we can write Fig. 1d of the main manuscript and M I is the parallel to the z axis layer magnetization. We then obtain (29) where the d i 's, e.g., 
where we used 2 √ 3D xyQi =ẑ × d i withQ i 's being unit vectors defined in Fig. 1d of the main manuscript. The relation between d i andQ i can be straightforwardly obtained from Eqs. 30 but more physical insight into this relation can be gained by noting that D xy ij ∝r ij × u Oeq wherer ij is the unit vector pointing from site i towards j and u Oeq is the displacement of the equatorial oxygen away from the plane (e.g., due to the tilting of the bipyramid) which is zero in the PE phase and parallel to the z axis in the FE phase. For the α ± trimer domains we find
As seen from Fig. 6b ,r 13 +r 15 =Q 1 givinĝ
Other d i can be found by cyclic permutations: 1 → 3, 3 → 5, and 5 → 1. The same results can be obtained for other trimer domains.
Note that
We thus obtain
which leads to
in agreement with Eqs.21 obtained from the Landau theory. It is now clear that the microscopic origin of the layer magnetization is the the trimer induced transverse components of the DM interactions which cant spins away from the xy plane. As we will see in the next section, however, there is also another contribution to the canting that originates from the single-ion anisotropy (SIA).
The Single-ion anisotropy of a single layer of bipyramids: In the paraelectric phase the crystal field has the same orientation for all TM ions so the single-ion anisotropy (SIA) tensor,τ i , does not depend on magnetic site index i. A global coordinate system (see Fig. 5 ) can be thus chosen in whichτ is diagonal with elements τ xx , τ yy , τ zz . A uniaxial site symmetry and the zero-trace condition lead to τ xx = τ yy = −τ zz /2. On the other hand, in the ferroelectric phase the crystal field may have different orientations for different TM ions and thereforeτ i does depend on i. Even though all TM ions remain equivalent and thus SIA tensors for different magnetic sites are related by symmetry, in any global coordinate system SIA tensor for some magnetic ions have off diagonal components. In addition, the uniaxial site symmetry is lost in the ferroelectric phase leading to the in-plane anisotropy (τ xx = τ yy ). In the coordinate system as in Fig. 5a the SIA tensor for site 1 in the Φ = 0 trimer domain is given by 
The effect of trimer distortion on the components of the SIA tensor can be understood if we assume that the crystal field for a given TM ion is determined solely by its oxygen bypyramid. In this case the components ofτ in Eq. (36) can be expressed in terms of the tilting angle θ and the value of τ zz in the paraelectric phase (hereafter denoted by τ 0 zz ). For site 1 we have:
(38)
First principles calculations show that the in-plane anisotropy is very small (see Table. V). Indeed, as seen from Eqs. (41) this difference is proportional to sin 2 θ which is a very small quantity. On the other hand, the off-diagonal component, τ xz is proportional to sin 2θ and is correspondingly substantially larger and plays important role in the canting.
Let's consider the SIA contribution to the canting energy (per spin) for the layer α = I
where we kept only the terms proportional to M . We then get
The total energy and magnetization of a single layer of bipyramids: Combining Eqs. (30) and (43) we obtain
is the effective transverse DM vector with the magnitude |d
Iẑ , E canting can be rewritten as
so that the layer magnetization due to canting is given by
where J nn is the nn exchange interaction.
We thus recovered the result from Landau Theory.
The real structure: the stacking of two layers: Let us consider now a real hexa structure which is composed of two layers α = I and α = II, each with a, in principle different, layer magnetization, M z I and M z II respectively. The canting energy is
This result shows clearly that the B 1 state displays weakantiferromagentism, wAFM, i.e., there is a canting of the spins out of each spin plane, but since the projection changes sign in adjacent layers, i.e.,
In the A 2 phase, however, the projection has the same sign in adjacent layers, L I · Q I = +L II · Q II , and therefore M z I = M z II leading to a net magnetization along the z axis. This result explains our first-principles calculations displayed in Fig.1 of the main manuscript and provides a microscopic justification for the results of our simple Landau theory.
The above results can be rewritten in terms of the trimer phase and the spin angles
describing weak-ferromagnetism for the A 2 phase and weak-antiferromagnetism for the B 1 phase respectively. Notice that if P switched via rotating Φ by |π/3|, e.g.,
C. Magnetoelectric effect
The ferroelectric phase in the A 2 magnetic structure has P6 3 c'm' space group. The corresponding point group is 6m'm' which allows for magnetoelectric (ME) effect with magnetoelectric susceptibility tensor,
In order to understand the origin of this ME coupling we consider Landau expansion with respect to the P6 3 /mmc1 reference structure. The part of the free energy that depends on M z can be written as
where we definedQ α = Q α /Q K3 . Minimizing with respect to M z we find an equilibrium magnetization
Assuming the in-plane spin components are rigid (this assumptions is rigorous in the A 2 phase) the zz component of the ME susceptibility is
In order to find
we consider the free energy as a function of P z and Q K3
In above M z was integrated out resulting in renormalization of the a Q coefficient. Minimizing with respect to P z we obtain
We assume that we are well below the trimerization transition and Q K3 is large and satisfies
Then the above equation simplifies to
Minimization of Eq. (54) with respect to Q K3 leads to
Substituting (56) into (57) we obtain
whereb Q = b Q − 2d 2 /d and we took into account that within any trimer domain cos 3Φ = ±1. Taking derivative with respect to E z at E z = 0 we obtain
Therefore, the magnetoelectric susceptibility becomes
Note that from ( 52) and ( 56) it follows that,
Few comments are in order. First, α is nonzero only when (Q I · L I +Q II · L II ) is nonzero which is exactly the condition for existence of weak ferromagnetism that requires that the magnetic configuration has a nonzero
is fixed (i.e., the projectionsQ α · L α ) are equal in all domains), then the sign of α switches as we go from prime (Φ = π, ±π/3) to nonprime (Φ = 0, ±2π/3,) trimer domains. In other words, the domains with parallel M z and P z have an opposite sign of α than domains with M z and P z antiparallel.
D. Implications of the trilinear coupling
The trilinear coupling of Eq. 47 is quite remarkable. It implies that in the A 2 phase the trimer distortion not only induces a polarization but also mediates a nontrivial bulk P-M coupling. To make this clear, we consider a thought experiment in which an electric field, E applied along the z axis can switch P to any one of the three trimer domains with −P (more in the Discussion). Let the system be initially in the α + domain with polarization +P and Q α · L α = −1, Fig. 7b . Then there are two possible scenarios:
In a proper FE like PbTiO 3 the structure of the +P domain is related to the −P domain by a reversal in the direction of the polar distortions w.r.t the PE structure, e.g, the Ti 4+ ion moving from up to down. The analogous situation in the hexa systems corresponds to a structural change from a 2-up/1-down buckling and tilting 'out' of the R-planes and bypyramids, respectively, to a 1-up/2-down and tilting 'in', while remaining in the same distinct domain, e.g., α
+ . This corresponds to switching P via rotating Φ by π (Fig. 7c) . In this α − domain, because of Eq. 47, either L α has to rotate 180
• (Q α ·L α = −1) or the small canting angle has to change sign (Q α · L α = +1). It is not unreasonable to expect the latter to be more favorable, leading to a reversal of M.
{α
The improper nature of ferroelectricity, however, offers an even more interesting possibility is that there exists three distinct and accessible domains (α, β, and γ). As an example let P switch via rotating Φ by π/3 − domain, Lxy is not in a ground state and must rotate either, e, 60
• , therefore -Mz → -Mz; β − domain ≡ {+P,-Q, +Lxy, -Mz}, or f, 120
• , therefore -Mz → +Mz; β − domain ≡ {+P,-Q, -Lxy, +Mz}.
and consider the configuration immediately after, Fig. 7d . In this β − domain −1 < Q α ·L α < 0, implying the system is not in equilibrium, and therefore L α must rotate by either |π/3|, Fig. 7e, or |2π/3|, Fig. 7f . In the former case Q α · L α = −1 as in the initial α + configuration, therefore M is not reversed, while in the latter Q α · L α = +1 and M switches 180
• .
E. Discussion: Possible realizations of predictions
Realization 1: The hexagonal Manganites: Fig. 8 shows Piezoelectric force microscopy (PFM) and Magnetoelectric force microscopy (MeFM) images. The MeFM images, were aligned to PFM image by the topographic landmarks and are in the same color scale, 9.18 mHz.
Realization 2: The A 2 ground state in hexa RFeO 3 :
Origin of ferroelectricity in hexaferrites
Experimental studies of hexagonal ferrites RFeO 3 indicates that at room temperature these materials have a polar P6 3 cm structure 19, 20 while at high temperature they crystallize in the paraelectric P6 3 /mmc phase 26 .According to the group theory analysis there are three possible phase transition sequences connecting the high-temperature phase with the low-temperature P6 3 cm phase 18 : (1) a direct transition between the two phases by freezing-in a K 3 zone boundary phonon mode, (2) a transition to the intermediate P6 3 mc ferroelectric phase by softening of the Γ − 2 zone-center polar mode followed by the transition to the low-temperature phase, and (3) a transition to the intermediate non-polar P6 3 /mcm phase by freezing-in a zone boundary K 1 mode followed by transition to the low temperature phase.
Calculated phonon frequencies in the high-temperature phase for the above mentioned phonon modes are presented in Table. III both for manganites and ferrites with different R ions. As seen, for all compounds the K 3 phonon mode is unstable while both Γ − 2 and K 1 modes are stable. These results indicate that for ferrites systems, similarly as for manganites, the hightemperature P6 3 /mmc phase transforms directly into the low-temperature P6 3 cm structure by softening of the K 3 zone boundary mode. The non-linear coupling between K 3 and the polar Γ − 2 mode induces polarization into the system. The polarization is thus a secondary order parameter and the ferroelectricity is improper. Indeed, for a high-temperature structure with frozen-in K 3 mode the calculated polarization is very small (less than 0.1 µC/cm 2 ) and originates only from an electronic contribution. Only when full ionic relaxations are done the polarization of the order of 10 µC/cm 2 develops (see Table. III).
The above analysis indicates that the origin of ferroelectricity in RFeO 3 is the same as in manganites. Therefore, an intermediate P6 3 mc phase which was proposed to explain the two-step polarization decay observed for YbFeO 3 27 is rather unlikely. Indeed, the presence of such intermediate phase would typically lead to soft Γ − 2 mode which is not the case according to our calculations. In fact, we found that if we freeze-in the Γ − 2 mode and perform full structural relaxations, the amplitude of the mode goes to zero. We also found that the Γ − 2 mode remains stable for a wide range of epitaxial strain, see Fig.  9 .
Non-collinear magnetic spin configurations
We have considered 8 non-collinear magnetic configurations, as depicted in Fig. 10 , to determine the magnetic ground state of the hexagonal manganite and ferrite systems. phase J nn splits into two nonequivalent exchange interactions, the difference between them is very small and therefore this effect was neglected. The same applies to J nnn . Similarly, J In this case, however, this splitting is essential for determination of the magnetic ground state and therefore it was included. The exchange interactions were calculated by fitting ab initio energies of several collinear magnetic configurations. The results are presented in Table IV. As seen, J nnn is order of magnitude smaller than J nn and has a negligible influence on magnetic ordering. Therefore, it was neglected in the main manuscript. On the other hand, J AFM superexchange interaction mediated by equatorial oxygens, O eq . For LFO this exchange originates primarily from the hopping from O 2p states into minority Fe 3d states. Since the TM-O eq -TM angle is 120
• the FM superexchange involving two perpendicular p orbitals is expected to be much smaller than the AFM superexchange involving a single orbital. This mechanism is also present for LMO but here the hopping from occupied into empty 3d orbitals is equally important. In the latter case the dominant in-plane hoppings are between e and e orbitals which favor antiparallel spins. As a result J nn for LMO is also AFM. The magnitude of J nn is smaller for LMO. This is partially caused by a larger band gap for this compound as compared to LFO. However, probably more important contribution comes from the hopping from occupied 3d orbitals into empty majority d 3z 2 states that mediates a FM coupling and partially compensates the AFM contribution. Therefore, ferrites are expected to have in general larger J nn than manganites which indicates that magnetic ordering temperature in ferrites should be much higher; possibly close to the room temperature.
As seen from Table. IV, for LFO the inter-layer exchange parameters are AFM. This can be understood by noting that both exchange parameters originates primarily from virtual hopping of two p z electrons of O ap ion into 3d minority states of Fe and 5d orbitals of R. These hoppings are the most effective for both apical oxygens in the exchange path only when spins on Fe ions are antiparallel. Otherwise, p z electrons from different O ap ions cannot hop on the same orbital of the R ion. The above mechanism of AFM interlayer coupling is also present for LMO. In this case however, similarly as for in-plane exchange interactions, there is another type of low-energy excitations that can contribute to the interlayer exchange coupling. They involve hopping from occupied 3d Mn states into empty 3d states of Mn ion in the adjacent plane (note that this hopping is still mediated by O ap and R ions on the exchange path). Clearly, the most important hopping in this case is between filled majority e and empty majority d 3z 2 which prefers parallel spins. This leads to FM coupling which competes with AFM exchange interaction from the above paragraph. As a result either sign of interlayer exchange couplings is expected for LMO.
Importantly, we find that |J k1 c | > |J k2 c | (k = 1, 2) both for LMO and LFO. In fact this is a generic feature for these systems. Indeed, consider three different nn interlayer interactions: J 12 , J 14 , and J 16 (see Fig. 11 for notation). In the paraelectric phase they are all equal to transverse component ofl. Therefore, the largest energy gain is achieved whenŝ andl are parallel (so that their transverse components couple with each other) preferring spins along z axis and leading to τ zz < 0. On the other hand, for LMO the most important excitation is the transition from majority e to majority d 3z 2 . Here spin is conserved but the magnetic orbital quantum number changes which is possible only whenŝ andl are perpendicular to each other, i.e., when spins lie in the xy plane leading to τ zz > 0.
